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Claim 11: 〈|vˆ|,1〉2 ≥ 1
Proof: Reformulate as a constrained minimization prob-
lem, with x ∈ RN :
min
x
{〈x,1〉} such that: ‖x‖2 = 1, x ≥ 0
∴ L = 〈x,1〉 − λ(‖x‖2 − 1)−
N∑
n=1
µn(〈x, δn〉 − 0)
such that: µn ≥ 0 ∀n
∴ ∇xL = 1− 2λx−
N∑
n=1
µn δn
∴ 2λx∗ =
N∑
n=1
(1−µn)δn
∴ x
∗ =
N∑
n=1
(1−µn)δn√
N∑
n=1
(1−µn)2
[
µn ≤ 1 ∀n
]
∴ 〈x∗,1〉 =
N∑
n=1
(1−µn)√
N∑
n=1
(1−µn)2
≥
N∑
n=1
(1−µn)2√
N∑
n=1
(1−µn)2
=
√√√√ N∑
n=1
(1−µn)2
To have unit norm, x must contain at least one non-zero el-
ement. Without loss of generality, we assume x1 > 0; and
hence: µ1 = 0
∴ 〈x∗,1〉 ≥
√√√√1 + N∑
n=2
(1−µn)2 ≥ 1
Q.E.D.
Claim 12: max
i
{〈1−2δi,vˆ〉2} ≥ 4
N
for N ≥ 4
Proof: Reformulate as a constrained minimization prob-
lem with x ∈ RN . Without loss of generality, assume
that 〈x,1〉 ≥ 0 and that its first element x1 is a minimal
element (i.e. x1 ≤ xn ∀n).
min
x
{〈x,1−2δ1〉} such that: ‖x‖2 = 1, x ≥ x1 1
∴ L = 〈x,1−2δ1〉−λ(‖x‖2−1)−
N∑
n=2
µn(〈x, δn〉−x1)
such that: µn ≥ 0 ∀n
∴ ∇xL = [1−2δ1]− 2λx−
N∑
n=2
µn δn
∴ 2λx∗ = −δ1 +
N∑
n=2
(1−µn)δn
∴ x
∗ =
−δ1 +
N∑
n=2
(1−µn)δn√
1 +
N∑
n=2
(1−µn)2
∴ 〈x∗,1−2δ1〉 =
1 +
N∑
n=2
(1−µn)√
1 +
N∑
n=2
(1−µn)2
Note that if xn > x1 then µn = 0, and if xn = x1 then
(1−µn) = −1. Let M be the number of unique indices
n ≥ 2 for which xn = x1.
∴ 〈x∗,1−2δ1〉 =
1+
(
(N−1)−M)−M√
N
=
N−2M√
N
Since 〈x,1〉 ≥ 0
hence: −1+ ((N−1)−M)−M ≥ 0 ∴ −2M ≥ 2−N
∴ 〈x∗,1−2δ1〉 ≥ 2√
N
∴ 〈x∗,1−2δ1〉2 ≥ 4
N
Q.E.D.
